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Elastic Stability of Biaxially Loaded Longitudinally Stiffened
Composite Structures
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AND
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A linear analysis method is presented for the elastic stability of structures of uniform cross section, that may
be idealized as an assemblage of laminated plate-strips, flat and curved, and beams. Each plate-strip and beam
covers the entire length of the structure and is simply supported on the edges normal to the longitudinal axis.
Arbitrary boundary conditions may be specified on any external longitudinal side of plate-strips. The structure or
selected plate-strips may be loaded in any desired combination of in-plane biaxial loads. The analysis
simultaneously considers all modes of instability and is applicable for the buckling of laminated composite
structures. Some numerical results are presented to indicate possible applications. Predicting a previously unknown
buckling mode shape for a zee-stiffened panel demonstrates the generality of this method. The results for some
conceptually advanced structural panels illustrate some applications of the curved plate-strips. Results also confirm
the experimentally observed superiority of bonded over riveted connections and show, for the example considered,
the significance of ignoring offsets effects in stability analysis.

Nomenclature §
a = length of the structure
Atj> Bijf Dtj = elements of the extensional, coupling and bending
(i,j = 1,2,6) stiffness matrices, respectively
b = developed width of plate-strip
Ip = beam polar moment of inertia
/„„, /„ = beam moments of inertia

= beam torsion constant
= number of axial half-waves

, M22 = moment resultants
— torque on beam element

N22 = stress resultants
= applied in-plane loads on plate-strips
= axial load in beams induced by buckling
= applied axial load on beams
= lateral shears on beam
= midplane radius of curved plate-strip
= buckling displacements
= beam warping constant
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Introduction

CRITICAL regions of structures utilizing thin plate con-
struction are prone to buckling. In aerospace structures the

application of new design concepts1 and new materials such as
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fiber reinforced laminated composites2 have precipitated the need
for corresponding improvements in analysis techniques. Atten-
tion is confined here to structural components that may, in
general, be idealized as an assemblage of a series of laminated
plate-strips (flat and curved) and laminated beam elements
interlinked along their longitudinal edges. The individual plate-
strips and beams extend over the full length of the component
and are of uniform cross section. The edges of each plate-strip
normal to the longitudinal axis and the ends of the beams are
assumed to be simply supported with no restrictions on the
axial (warping) displacements. Longitudinally stiffened panels
such as those in Fig. 1 are typical examples. The figure also
shows examples of beam elements.

A unified linear stability analysis limited to structural corn-

Fig. 1 Cross section of typical stiffened panels.
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ponents idealized from flat plate-strip and beams and subjected
to axial compression is given in Ref. 3. The basic equations
used therein do not correctly account for the possibility of
predominantly in-plane buckling displacements in the individual
plate strips. This becomes evident when considering the Euler
type buckling of a square tube. Two of the plate-strips (forming
two opposite sides of the tube) have only out-of-plane displace-
ments, whereas the other two have only in-plane displacements.
Thus, the analysis of Ref. 3 would yield erroneous buckling
load; in fact, twice the exact value. Further, the formulation
used results in an unsymmetric "buckling determinant," neces-
sitating the use of repetitive determinant evaluations to calculate
the buckling load. The disadvantages of this method, as discussed
in Ref. 4, are the need to use small load increments resulting
in uneconomical computation time and the possibility of missing
the lowest buckling load.

The present analysis, in addition to overcoming the above
deficiencies, also includes the use of laminated curved plate-
strips to idealize the structural component. They have constant
curvature with zero gaussian curvature and are, in general,
laminated. Equations derived using variational principles and
based on the geometry of shell deformations given in Ref. 5, are
used for these plate-strips.

Elementary theory of bending and torsion is used for the
beam elements. The external loading on them is uniform and
axial. The physical properties of laminated beams are calculated
in an approximate manner.

Symmetric stiffness matrices are derived relating the buckling
displacements and the corresponding forces along the sides of the
individual plate-strips and along the axis of individual beams
making up the structural components. The over-all stiffness
matrix (symmetric) of the component, which is obtained by
suitably merging the individual stiffness matrices, corresponds
to the unsymmetric buckling determinant of Ref. 3, and is con-
siderably smaller in size. The symmetry, enables the use of the
algorithm described in Ref. 6, to isolate with certainty and in
relatively fewer load iterations, the lowest buckling load. A
primary requirement of this algorithm is an upper bound for
the buckling load, resulting from completely restraining all the
interlinked junction lines of plate-strips and beams. Such a
bounding value is readily obtained by applying the Galerkin
method7 for each plate-strip.

The elements of the stiffness matrix are transcendental
functions of the external loadings and the half-wave length of
buckling. For each assumed half-wave length (or integer number
of longitudinal half-waves), the lowest level of applied loads at
which the determinant of the over-all stiffness matrix vanishes
is a buckling load. The lowest of these loads is then the critical
load. It is stressed that no prior assumption of the buckling
mode is made, except that the axial half-wavelength of buckling
is the same in all plate-strips and beam elements. The buckling
mode shape is obtained from the eigenvector solution of the
stiffness matrix at the critical load. The usefulness of the buckling
mode shape plots in achieving efficient design of stiffened plates
is discussed and illustrated in Refs. 3 and 8.

The analysis considers offsets between elements and effects of

arbitrary elastic restraints along any external longitudinal side
(i.e., not connected to other elements) of the flat or curved
plate-strip elements. The basic assumptions governing the
analysis are as follows, a) The material is linearly elastic, b) Each
lamina is orthotropic. c) The Kirchhoff-Love hypothesis is used
for each plate-strip and beam, d) Effects of prebuckling de-
formations are ignored. Thus, at buckling each plate-strip,
whether flat or curved, is, in general, in a state of uniform
biaxial inplane loading. Each beam is under uniform axial load,
e) The edges of each plate-strip normal to the longitudinal
axis are simply supported in the classical sense. So are the
ends of the beams. A computer program "BUCLASP2" based
on the present analysis has been written for the CDC 6600
computer.9

Basic Equations
Laminated Curved and Flat Plate-Strips

The equations given below for the curved plate-strips de-
generate to those of flat plate-strips.when the radius R-+OO.
The midplane of the laminate is chosen as the reference plane.
The strains and curvature changes in this plane, in terms of its
displacements u, v and w are5

8V° = v,-w/R; ^°=-vv,v
0 _

-(l/R)v,y
= -2w, -(2/RK

(1)

The stress and moment resultants in the reference plane are1
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When the orthotropic axes for each lamina do not coincide
with the laminate axes, the "16" and "26" subscripted elements
are nonzero. In practical structures these elements are of
relatively small magnitude and may be ignored. This simplifica-
tion, while considerably reducing the complexity of the analysis,
is, however, not thought to be unduly restrictive.

Using variational principles in the manner of Refs. 11 and 12,
and ignoring prebuckling deformations, the "stability equations"
of the curved plate-strip subjected to biaxial in-plane loads
Nll and N22 (per unit length) are derived as

(3)

N22[v,yy-(2/R)w,y-(l/R2)v'] = 0 (4)

Fig. 2 Displacements and forces in beams due to buckling.

N22[(2//fy;,v + w,yv-(l/K2)w] = 0 (5)
The consistent boundary conditions are, along any side

y = const
w = 0 or M22ty + 2Ml2tX — N22[(v/R) + w,y] = Q (6)

[w,, + (i?/JR)]=0 or M22 = 0 (7)
v = 0 or N22-N22[v,y-(w/R)'} = 0 (8)

w = 0 or N12-N22w>3; = 0 (9)
Similarly along any edge x = const

w = 0 or M l l x + 2M1 2 v-N1 1w,x = 0 (10)
w,x = 0 or M n - 0 (11)

y = 0 or Nl2-Nllvtx = Q (12)
u = 0 or Nll-Nllu,x = Q (13)

Laminated Beams
The theory of torsion and flexture13 gives the following

equations for a beam subjected to axial compressive force Pb:



NOVEMBER 1973 LONGITUDINALLY STIFFENED COMPOSITE STRUCTURES 1555

Fig. 3 Displacements and forces due to buckling sides of a plate-strip.

dMJdx =
2 - Pb zm d2v/dx2

2 - Pb zm d29/dx2

b d2u/dx2

(14)

(15)
(16)
(17)dP/dx =-

ym and zm are the distances measured parallel to the principal
axes y and z, respectively, from the shear center to the neutral
axis of the beam. Figure 2 shows the beam displacements and
the forces defined in Eqs. (14-17). Approximate methods to
evaluate the various gross beam properties involved for the more
common types of beams, namely, laminated circular beams and
laminated rectangular beams are given in Ref. 14.

Stability Analysis
Stiffness of Curved and Flat Plate-Strips

Stiffnesses relating the buckling displacements and the
corresponding forces along the sides y = ±b/2 of the plate-strips
(see Fig. 3) are required for the stability analysis. The displace-
ments involved are

w, (9 = w,y + v/R), v and u (18)
The corresponding forces are

Q = e2-N22K+*;/JR)(where Q2 = M22,V+2M12>JC)

and
= N22-N22(v,y-w/R)

T=Nl2-N22u,y

(19)

The buckling displacement functions are chosen as
8

w=

a = mnx/a

<sin a (20)

fK0 = 0 (23)
resulting from the determinant of the matrix [R] yields eight
values of pt, which are real or complex conjugates. Also, from
the first two of Eqs. (22), Ui and K- may be expressed in terms
of Wt. Superscripts — and -I- are used hereafter to denote the
two sides y = — b/2 and y — + b/2, respectively, of the plate-
strip. Using these values of y in Eqs. (20) the displacements
specified by Eqs. (18) are written as

where
d= {w,9,v,u}T

c1 = rsin a, sin a, sin a, cos aj

and Xl is an 8 x 8 matrix.
Similarly the forces specified by Eq. (19) are given by

']' (25)

where
f={Q,M,N,f}

and X2 is an 8 x 8 matrix.
Since the number of axial half-waves of buckling, m, is

identical in all plate-strips and beams making up the structure,
cl matrix can be separated out and readily dropped from
further consideration.

Substituting for WL from Eq. (24) into Eq. (25), the stiffness
matrix [5] of the plate-strip is obtained as

where

(26)

(27)

The symmetric matrix [s] is 8 x 8 and is with respect to the
local coordinate system. The elements of this matrix are trans-
cendental functions of the half-wavelength of buckling (a/m) and
the applied loads Nl, and N22.

In the structures for which the present stability analysis is
applicable, some plate-strips may have specified boundary con-
ditions along an external longitudinal (x) side, not connected
to other plate-strips or beams. Such conditions may be defined
by a diagonal matrix

k, = rkw,ke,kv,kui (28)
formed from the spring constants in the directions of the sub-
scripted displacements.

Consider the side y = +b/2 of the plate-strip being elastically
restrained by spring stiffness of Eq. (28). Thenr = -k0

+d+ (29)
Also from Eq. (26)

f+=s2ld~+s22d+ (30)
u = U; e1^ cos a

Pi are the roots of the characteristics equation discussed later.
The preceding functions are chosen to satisfy ab initio the
simply supported boundary conditions defined by

w = Mn = v = (Nll-Nllu,x) = Q (21)
along the edges_ x = 0 and x = a. At any particular level of
external loads Nn and N22, on substituting a typical term
from Eqs. (20) and Eqs. (1) and (2) into Eqs. (3-5), yields

^11 RI? R
R,

31

(22)
w

A characteristic polynomial in the form Fig. 4 Basic layout of the computer program.
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Material Properties: E-|-| = E22 = 10.3 x 106 Ibs/in2

G12 = 3.87 x 106 Ibs/in2

^12 =0.33

A.C.

t=.032"-

Panel 1 : R = 1.36"; a = 82.5°

Panel 2 : R = 1.20"; a = 85°

A.C. - - - Antisymmetric boundary conditions

A.C*

OC3O
0.35"

Panel 3

Fig. 5 Conceptually advanced structural panels.

Using Eqs. (29) and (30) in the expression for /" from
Eq. (26) results in

f'=sk~d- (31)
where sk~ is the reduced stiffness matrix (4x4) for the plate-
strip when the side y = +b/2 is elastically restrained and is with
respect to the local coordinate system. A similar equation may
be written when the side y = —b/2 is elastically restrained.

In idealizing a structure of uniform cross section as an
assembly of plate-strips (flat and curved) and beams, possible
offsets necessitate an appropriate offset transformation. Also, the
intersecting angles between various plate-strips and beams being
arbitrary, it is convenient to transform the stiffnesses to common
global axes. Such procedures are discussed in detail in Ref. 14.

Stiffness of Beam Elements

The assumed buckling displacement functions satisfying the
simply supported conditions at x = 0 and x = a are

w = Wh sin a
sin a0 =

v = Vh sin a
u = Uh cos a

(32)

1100 -

1000-

900
N-j 1 critical

Ibs/in «nn

600

500-

40Q,

A Present analysi
O BOSOR3

— Panel 1
—— Panel 2

_
0 5 10 15 20 25

Half-wave length, (a/m), inches
30

80

70

60
a-) -|Critical
ksi 50

40

30

20

10

0

Panel 3

4 8 12 16 20 24 28 32 36 40
Half-wave length, (a/m), inches

Fig. 7 Buckling results for panel 3.

On substituting these displacements in Eqs. (14-17) and again
dropping the axial variations as for the plate-strips, the stiffness
matrix of the beam element is readily obtained as

fh = shd, (33)
where

fh = {qz,dMx/dx,qy,dP/dx}T

dh= {w,9,v,u}T

Material Properties

Layer 1

Layer 2

Ibs/in2

10.5

30.25

E22x10-6

Ibs/in2

10.5

2.03

G1 2x 10'6

Ibs/in2

4.04

0.525

"12

0.3

0.346

s
Sides

Pre sent Ai lalysis

CSides
Clan ped

L

Fig. 6 Buckling results for panels 1 and 2.

(Rn) (N22) - Buckling loads (Ibs/in) for individual
0 ' ° unidirectional loading (all edges SS)

Fig. 8 Buckling of a biaxially loaded curved plate.
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Skin mid-plane radius = 198 inches
Panel length = 50 inches

Material Data

Element

Plate
Beam

E^xlO-6

Ibs/in2

10.5
30.0

E2 2x 10"6

Ibs/in2

10.5

G 1 2x 10'6

Ibs/in2

3.975

G23 x 10'6

Ibs/in2

0.8

"12

0.32

40

30
Buckling
Load .
Paxial*10 lbs

20

10

10 20 30 40
Half Wave Length (a/m). inches

50

\

Curved Panel

pao' ^to ~ Buckling loads (Ibs) for individual unidirectional loading
in the axial and transverse directions, respectively

Fig. 9 Buckling of a biaxially loaded curved stiffened panel.

S-D = Q (34)
where S is the merged stiffness matrix of the total structure and
is symmetric. D is the vector representing the global displace-
ments of the interlinked junction lines between various plate-
strips and beams. As seen earlier, the axial (x) variations of
these displacements are the same along all junction lines and
have been conveniently dropped from the stiffness equations.
Hence the vector D has implied values of sin a = 1 or
cos a = 1.

It is obvious that Eq. (34) signifies the equilibrium of the
structure in an adjacent deflected (buckled) position. A non-
trivial solution exists when the matrix S has a zero determinant,
i.e.,

5 = 0 (35)
The elements of S are transcendental functions of the external

loadings and the axial (x) half-wave length of buckling (a/m).
For a chosen number of half-waves m (or half-wave length)

the buckling load is determined from Eq. (35) by an iteration
procedure using the algorithm discussed in Ref. 6. A series of m
values are investigated and the lowest of all buckling loads is
the critical load of the structure. The corresponding vector D
is then obtained by the inverse iteration method. The distribution
of the buckling displacements across the width of each plate-
strip follows from Eq. (24) and (20). The w and v displacements
are of prime interest. A plot showing these displacements across
the cross section of the structure identifies the weak (buckled)
elements and thereby indicates whether buckling is local or
general.

The classical buckling analysis usually makes assumptions
regarding buckling modes, like Euler mode, torsional, mode,
local mode, etc. As shown in Ref. 8, such simplifying assumptions
could sometimes lead to the possibility of missing the lowest
buckling load. The number of buckling half-waves m, in the
longitudinal direction must be the same in all elements of the
structure. The present analysis makes no assumptions regarding
the buckle mode.

The algorithm of Ref. 6 requires an upper bound to the
buckling load. This upper bound load is defined as the lowest
buckling load of all plate-strips when their interlinked junction
lines are completely restrained. This can be readily obtained
as shown in Ref. 14 using the Galerkin method.

Some Results
The computer program "BUCLASP2," based on the present

analysis is written for the CDC6600 computer. Figure 4 shows
the basic layout of the program. Longitudinally stiffened

19.0

and sb is the 4 x 4 stiffness matrix with respect to the local axes.
This may be transformed to the global axes system as for the
plate-strips.

Stability Formulation
The structure is first idealized as an assemblage of suitable

plate-strips (flat and curved) and beams. This procedure identifies
any offsets present. It is possible to differentiate between bonded
and riveted connections as discussed in Ref. 9. The stiffness
matrix for the individual plate-strips and beams are then trans-
formed to the chosen global directions after any necessary offset
transformations. It is obvious that to evaluate the above
stiffnesses, it is necessary to know the loadings on each plate-
strip and beam corresponding to any chosen level of total
external load on the structure. These individual loadings are
dictated by strain compatibility considerations. This is discussed
in detail in Ref. 14.

The individual stiffness matrices are appropriately merged
resulting in the equation

U LT ~U~
Panel Length = 40 inches

1.10 JL05

BORON" ~Tl'75lT~
20 LAYERS \~\

Material Data

Material

Titanium

Boron Fiber
Composite

Enx10-6

Ibs/in2

16.4

29. 1 1 7

E22x10-6

Ibs/in2

16.4

2.341

G l 2x10'6

Ibs/in2

6.2

0.75

"12

0.3

0.2467

m

1

2

Panel Buckling Load (Ibs)
With Offsets

64520

209800

Without Offsets
55770

183100

Buckling Strain x 103 (in/in)
With Offsets

1.7035

5.5403

Without Offsets
1.4726

4.8339

Fig. 10 Hat stiffened panel—effect of offsets.
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0-524' - 0.080"

No. of stiffeners = 6
Panel length = 16.0 inches

Material Properties:

_«.

,._ . . —— ,

-•-0.048" 1-524"

-, I
0.524"

"12

= 3.85x 106 Ibs/in2

= 0.3

Results for Minimum Buckling Stress
Bonded Panel:

acr = 49,800 Ibs/in2

m = 1 2
Riveted Panel:

acr
m = 9

Fig. 11 Zee-stiffened panel—bonded and riveted stiffeners.

structures commonly exhibit repetitiveness of stiffening (e.g.,
stiffened panels). The computer program contains features which
utilize this property to provide operational efficiency, and to
simplify the input. A structural panel is modeled as a start
substructure, repeat substructure (each repeat substructure has
the same stiffness) and an end substructure. The algorithm
used in the buckling determinant calculation requires in core
the matrices corresponding to the start, end and one repeat
substructure. A symmetric gaussian decomposition is performed
on the panel stiffness matrix. During the decomposition the
number of sign changes (which correspond to the number of
roots of the buckling matrix below the trial load) in the
determinant is kept track of. The root count is used to decide
the value of the new trial load.

Some numerical results from the analysis are now discussed.
Figure 5 shows the cross sections of three conceptually recent
structural panels, utilizing curved parts. The results of the
stability analysis of these panels, subjected to axial compression,
are given in Figs. 6 and 7. For panels 1 and 2 the results
from the computer program, "BOSOR3,"15 are also shown for
comparison. The mode shapes shown indicate the nature of
buckling.

Currently there is a dearth of published design data for

-25.45"-
•0.13" |——4.85'- ]̂

L I 1 L L L
Panel Length = 1 7 . 1 inches

Material Properties:
E11 = E22 = 10-2x 1°6 'bs/in2

G12 = 3.92 x 106 Ibs/in2

v-\2 =0.3

Panel sides are simply supported,

0.884" 0.99"

Results:

Minimum Buckling Stress (m = 1) = 60,700 Ibs/in2

Buckling Strain = 5.957 x 10'3 in/in

1

2

2 —

t

~0.106"

2.'

Ll

L"T"T
Buckling Mode Shape

Fig. 12 Zee-stiffened panel— an interesting buckling mode.
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L L
-I 1——1.25"
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| /

.185"

X
10 plies {0°-90°} /
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I
ti11

I
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,- 4 plies (0°-90°)
/ and 4 plies (45°)
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Adhesive thickness = 0 .004"
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(o^-go8)
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(±45°)
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E1 1 X10-6

(Ibs/in2)

10.5

3.2

1.6

30.0

E22x10-6

(Ibs/in2)

10.5

3.2

1.6

2.7

"12

.3

.15

.063

.21

G1 2x 10'6

(Ibs/in2)

4.04

1.0

2.0

0.7

Ply
Thickness

(in)

.01

.01

.007

Fig. 13 Composite zee-stiffened panel.

buckling of composite or composite reinforced plates and
stiffened plates. "BUCLASP2" may be readily used to generate
such data. Figure 8 shows typical interaction curves for a curved
plate for two different sets of boundary conditions along the
sides. Figure 9 gives two results for a biaxially loaded curved
stiffened panel; one where the transverse load is kept constant
and the other an interaction curve for the same panel.

The stability analysis presented considers the effect of offsets
between various plate-strips and beams. Though sometimes dis-
regarded as in Ref. 16, such offsets can significantly affect the
results in certain cases. This is illustrated in Fig. 10 for a com-
posite reinforced hat stiffened panel which is idealized using
flat plate-strips only.

Test results of Ref. 17 indicate that riveting stiffeners
decrease the skin buckling stress of a zee-stiffened panel by
17% compared to bonding them. By suitable modeling, Ref. 9,
the present analysis can differentiate between such connection
in an approximate manner. The analysis results in Fig. 11 show
the decrease in skin buckling stress to be approximately 22.5%.

Classical stability analyses, because of their implied assump-
tions regarding the buckling modes (e.g., Euler mode, torsional
mode, local mode, etc.), run the risk of missing modes not
covered by the assumptions. The results of Fig. 12 show such an
example for a zee-stiffened panel. The buckling mode from the
present analysis shows a characteristic half-wavelength across
the panel width, involving multistiffeners. Prior references to
such a mode is not known.

Figure 13 shows a composite stiffened panel. The skin is of
aluminum and the outstanding flanges of the glass fiber stiffeners
are reinforced with boron fiber composite. The panel buckling
loads, strains and mode shapes are shown in Fig. 14. Interesting
interactions between various local and over-all deformations
are indicated by the mode shapes. These numerical results
indicate generality of the stability analysis presented and some
of its applications.
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